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Abstract 

The aim of this paper is to calculate the eta invariants and the 
dimensions of the spaces of harmonic spinors of an infinite family of 
closed flat manifolds Tchd- It consists of some flat manifolds M with 
cyclic holonomy groups. If M E Tchd, then we give explicit formulas 
for rj(M) and fj(M). The are expressed in terms of solutions of appro- 
priate congruences in {— 1, 1}[ 2 J. As an application we investigate 
the integrability of some 77 invariants of .Fc^ff-D-manifolds. 
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1 Introduction 

In this paper we consider Dirac operators on an infinite family Tchd of closed 
flat manifolds. It consists of flat manifolds M with cyclic holonomy groups 
of odd order equal to the dimension of M. The family Tchd is particularly 
simple and the investigation of different properties of multidimensional flat 
manifolds should start with the investigation of them in this particular case. 
Some Tchd manifolds arises in the classification of flat manifolds whose 
holonomy groups have prime order (cf. jlj). We describe the eta invariants 
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of the Dirac operators arising from different spin structures and we give 
necessary and sufficient conditions of the existence of nontrivial harmonic 
spinors. The methods used here extends that used in ^2]- We apply them 
to much wider class of manifolds and we consider related general questions. 

To formulate the main results we need some definitions. Let n = 2k + 1 be 
an odd number, and let a\, a n be a basis of M n . Consider the linear map 
A : K n — > M. n such that A(aj) = aj + \ for j < n — 1, A(a n -i) = — a\ — ... — a n _i, 
and A(a n ) = a n . Let a = ^a n and let g(x) = A(x) + a. An n-dimensional 
flat manifold M e Tchd can be written as M. n /T, where V — (a±, a n _i, g). 
The linear part A of g has two lifts aq_, a_ G Spin(n) such that a\ = id and 
a n _ = —id (see Section EJ). This defines two spin structures on M. 

To formulate the result describing r/M"(0) for M n e Tchd we need some 
combinatorial invariants. It is known that ?7m"(0) = if k is even (cf. PU p. 
61]) so we consider the case when k is odd. Let 



fc(fc+i) 

if M*k is od d 



if — '- is even 



c(k) = 

For every e = (ei, e^) G {—1, l} fc consider 



Me = ejj and i/(e) = e x • • • e k . 

Let D + = {eG {-1, l} fe : z/(e) = eie 2 ...e fc = 1}, let r G {0, n - 1}, let 

A+ = 2#{e G V + : — + c(A;)n = r mod (n)} 
in the case of a+, and let 

A; = 2#{e G V + : — + c(A;)n + k = r mod (n)} 

in the case of a_. The numbers Af are well defined (cf. Remark QJ. 

Theorem 1. Let k be an odd positive integer and let n = 2k + 1. // 
M n G J~chd-i then 

(i) w^ + (o) = $> r + (i--j, 

r=l ^ ' 



2 



(2) 



^,«_(0) = ^2 A 1 



r=0 



2r + 1 



n 



) 



Applying Theorem 1 we prove that some ?7-invarints of jFc^^-manifolds 
are integral (Corollary 1) and that r)M, a+ ~ Vm,q- £ 2Z (Corollary 2). Let 
f)(V) be the dimension of the vector space of harmonic spinors. 
Now we state another result of the paper. 

Proposition 1. Let k be a positive integer and let n — 2k + 1. If M G 

a) f)(M, a + ) > if and only if n > 5. 

b) J)(M,a_) = 0. 

The spectra of the Dirac operators on flat tori were described in [5| . The 
spectra of the Dirac operators on closed 3-dimensional flat manifolds and 
their eta invariants were calculated in We should also mention about 
where the authors consider spin structure and the Dirac operators on 
flat manifolds with Z p , (p-prime number), and non-cyclic holonomy. 

Throughout this paper the following notation will be used. If G is a group 
and g 1 , ...,gi G G, then (g±, gi) is the subgroup of G generated by gi, g%. 
The symbol X G stands for the set of the fixed points of an action of G on 
X. For every g G G, X 9 = {x G X : gx = x}. By T (or T n ) we denote the 
deck group of a closed flat manifold M, by h the holonomy homomorphism 
of M, and by h its lift to Spin(n). The standard epimorphism from Spin(n) 
to SO(n) will be denoted by A (cf. Section EJ). The letter T Q stands for the 
maximal abelian subgroup of F consisting of all translations belonging to T, 
(cf. |i] and [To]). By a%, a n we usually denote a basis of r . The subspace of 
a vector space spanned by vectors V\, Vi will be denoted by Span[f i, ...,vi\. 
The symbols a + , a_, f)(M), c(k), /4, v(e), and A r were defined above. The 
cyclic group (A) will be denoted by G. 

We would like to thank Andrzej Weber for helpful conversations. We are 
grateful to Roberto Miatello for correcting a mistake in an earlier version of 
the paper and to Bernd Ammann for pointing out a typographic error. 



3 



2 Spin structures on Tqed- manifolds 
and Dirac operators 

Let fceNU {0} and let n — 2k + 1. Let T be as in the introduction, and let 
(, )* be an A-invariant scalar product in R n . From definition (cf. jlj and [To] ) 
M = IR n /r is a closed, orientable, flat manifold. Moreover the eigenvalues of 
the generator A of the holonomy group of M are equal to e 

1, consider the (j x j)-matrix 



2 K i j 



,3 



l,...,n. 



In fact, for every j — 2, n 



Mi 





1 
1 





-1 
-1 

-1 

1 -1 



Let Mj(z) = Mj - zl. Then 

det (A - zl) = (1 - z) det Af n _i(z). 
Applying the Laplace expansion with respect to the first row we have 

det Mj(z) = -z det Mj.iiz) + . 
Using this it is easy to check that det Mj(z) = (— l)- 7 Yui=o zl - Hence 
det (A - zl) = (l-z) det M„_i(z) = -z n + 1. 

Let e%, ...,e n be an orthonormal basis in (IR n , (,)*). Throughout the rest of 

the paper we shall always assume (cf. [TJ page 61] and jTHl Proposition 1.3]) 
that: 

(i) e u e n _i G Span [a x , a n _i] and e n = o n , 

(ii) for every for j < n — 1 : y4(e 2 j_i) = cos(27rj'/n)e 2 j_i + sin(27rj/n)e2j, and 
^4(e2j) = - sin(27rj/n)e 2 j-i + cos(2nj/n)e 2 j. 

Let Cliff (n) be the Clifford algebra in M n and let Cliff c{n) be its complexifi- 
cation. The group Spin(n) is the set of products X\ • ■ • x 2r , where r 6 N, and 
where xi, x 2r are the elements of the unit sphere in MJ 1 . The standard cov- 
ering map A : Spin(n) — > SO(n) carries y G Spin(n) onto lR n 3 x — > yxy*, 
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where (ej 1 ■ ■ ■ e Js )* = ej a ■ ■ ■ ej 1 . A spin structure on an orientable flat mani- 
fold M = IR n /r is determined by the lift h : T — > Spin(n) of the holonomy 
homomorphism /i : T — > SO(n). Recall that h carries 7 G T onto its linear 
part %), (cf. (15, Chapter III]). For M e .F CHD we have h(T) = (A) = Z n 
and any lift A of A to Spin(n) defines the lift h of /i, given by the formulas 
h(cij) — 1 for j < n — 1, /i(g) = A In order to construct A consider (5 — ^, 

r-j = cos(j/3) + e 2 j-ie 2 j sin(j/3), 

and a = rij=i r i- Clearly = for i, j £ {1, k}. A direct calculation 
yields 

cos(2j(3)e 2 j-i + sm(2j(3)e2j for I — 2j — 1 
-M r j)( e z) = ^ - sin(2j/3)e 2 j-i + cos(2j/3)e 2 j for / = 2j 

ei for Z£{2j-l,2j} 

Using this it is easy to check that 

fc(fc+i) 
a n = (-1) * 

and A (a) = A. Now we can define 

fc(fc+i) fc(fc+i) 
a + = (—1) 2 q/ ; ct_ = — ( — 1) 2 a. 

Since n is odd, 

a+ = 1 and a™ = -1. 

We have. 

Lemma 1. Hi(M,Z) = Z © H, where H is a finite abelian group of odd 
order and H l (M, Z 2 ) = Z 2 . 

Proof: The group T = (ai,...,a n ) is the maximal abelian subgroup of T 
and the following sequence 

- r - r (A) -> 1 

is exact (cf. [4, Proposition 4.1], [TSJ Theorem 3.2.9]). From Corollary 1.3] 
we have dim Q (Q(g) J ?7 1 (r, Z) = dim Q (Q<g>r^) = 1. Hence #i(M,Z) =Z®H, 
where if is a finite group. According to [HI Chapter 3], there are homo- 
morphisms res : ii*(M, Z) = H^(T,'L) —>■ H^(T ,Z) and cor : H^(r ,Z) —>■ 
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i/*(M, Z) such that cor o res is the multiplication by n. Since the group 
H*(T 0l Z) = H*{T n ,'L) is torsion free we have nH = 0. In particular, the 
order of H is odd. For the proof of the last statment we have H l (M, Z 2 ) = 
Horn (#i(M, Z), Z 2 ) = Horn (Z, Z 2 ) = Z 2 . □ 

Since a+, a_ are different lifts of the holonomy homomorphism h to 
Spin(n), the spin structures determined by them are different. It is known 
that spin structures on M correspond to the elements of H 1 (M,Z 2 ) (0 
p. 40]). 



By Section 1.3], the irreducible complex Cliff c(^)-module E 2 fc can be 
described as follows. Consider 





' i " 




"0 i~ 


, T = 


"0 -f 


9i = 


-% 


, 92 = 


i 


i 



Let E 2fc 



and let a(j) 



1 if j is odd 

2 if j is even 



Take an element 



k times 

u = u\ ® ... ® Uk of S 2 fc and the orthonormal basis ex, .., e n considered above. 
Then 



eju = (I 



I®9<x(j) ®T® ...®T){u), 



times 



for j < n — 1, and 



e n u = i(T ® ... ® T)u. 



A spin structure on M determines a complex spinor bundle PS 2/ t with fiber 
S 2fc . This bundle is the orbit space of R" x S 2fe by the action of T given by 

l(x,v) = (~/x,h(j)v), (1) 

where 7 G T, x G R™ and t> G S 2fe . Clearly 

/i(aj) = 1 for j < n — 1 

and 

Since Spanfei, ...,e n _i] = Span[ai, ...,a n _i] and a n = e n we conclude that 

hiytj) — 1 for j < n — 1. 
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Consider the covering T n = R n /T -> M. We have h(a n ) = ±1. The lift 
Pr'^'2k of P^2k to T n is the orbit space (MJ 1 x £ 2 fc)/r , where the action of 
To on M n x £ 2 fc is given by the formula (£[]). 

To deal with the spectrum of the Dirac operator D it is convenient to 
describe it in terms of the spectrum of D 2 . We state without proofs some 
related results of that will be used later. Identify the parallel section 
MJ 1 3 x — > (x,v) G M. n x Y>2k with v. Every section (spinor) of the trivial 
bundle M n x S 2 ^ (covering our bundle -P£ 2 fc) can be written as a linear 
combination of fv, where / G C°°(R n , C) and v is a parallel section. Take 
the coordinate system x±, ...,x n determined by ej, ...,e n . Since v is parallel, 

D(fv) = J>V,,(/i;) = (i-(f)v + fV ej v) ( 2 ) 

3 3 3 

Let Tq be the dual lattice of T . Let £> be Tq in the case of a + and Tg + ~e„ 
in the case of a_. The action of g on on the set of sections of MJ 1 x E 2 fc, 
induced by the action of 3 on 1", is given by the formula 

g(<P)(x) = h(g)<P(g~ l x), (3) 

where is a spinor on W 1 . 

Consider f b (x) = e 2m( ~ b ' x \ By immediate calculation or following (|12j) we 

D 2 (f b v)=47 r 2 \\b\\ 2 f b v. (4) 

Hence the sections f b v , b G B, v G S 2 fe, correspond to eigenvectors of D on 
T n , and the elements of {f b v : v G X 2 fc,fe G B} 9 correspond to eigenvectors 
of D on M. 

For 6 G B, let us denote the corresponding D 2 -eigenspace by E b (D 2 ) = 
Span{/ b t> : v G S 2fe }. We have the decomposition E b (D 2 ) = E b+ (D) © 
Eb-(D), where 

E b± (D) = {pe E b (D 2 ) : Dp = ±27r||6||p}. 

Since 

(f b og- 1 )(x)=e- 2 ^ A ^f A(b) (x) (5) 
we have AE b C E A ( b ), (cf. [121 Lemma 4.1]). Denote < A > by G. 
Let £ s , m = {6GS: #G(6) = £ Pas = {6 G B : #G(6) < #G} and 
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Clearly B is the disjoint union of Bs ym an d Bp as an d the Dirac operator D 
on M can be identified with D s © D Pas . If b G <Bs ym and 

then dim(V b ± ) 9 = dimEf(D) = 2 k ~ l (cf. [12, Theorem 4.2, Corollary 4.3]). 

3 Eta invariants of J~chd- manifolds 

The aim of this section is to prove Theorem ^ Recall that the 77-invariant 
of the Dirac operator on a closed spin manifold M is defined as follows. 
As D is elliptic formally self adjoint, it has discrete real spectrum and the 
series ^ A ^ sgn A|A|~ Z converges for z G C with Re(z) sufficiently large ( [TJ 
Theorem 3.10]). Here summation is taken over all nonzero eigenvalues A of 
D, each eigenvalue being repeated according to its multiplicity. The function 
z — > XIa^o s S n A|A| _Z can be extended to a meromorphic function t)m in the 
whole complex plane such that is a regular point of tjm (PJ Theorem 3.10]). 
The eta-invariant of M is ?7a/(0). 

Define an endomorphism pi of C 2 by the formula 
Pi(u) = cos flu + sin/? gxg 2 u. 
The matrix of p\ is equal to 



cos fl I + sin fl 



' 


-1 " 




cos fl 


— sin fl 


1 







sin fl 


cos fl 



so that the matrix of p{ is equal to 

cos(flj) I + sm(flj) J J . 
The following lemma is crucial. 

Lemma 2. Let w + i = let W-i = (1, i), let e = (ei, 6*.) G 

{ — 1, l} k , and let v e = w ei ® ... <8> w ek . Let fl — - and let p e be as in Theorem 
Ql Take u = U\ ® .... (8> G £ 2 ifc. T/ien 
a) aM = p\U\ ® .... ® p\uk, 
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b) ae n u = e n au, 

c) Pi 0±i) = e ±ip w ±l , 

d) av e = e ll3 ^v t and {v t : e G { — 1, l} fc } is a basis ofT, 2 k, 

e) e n v e = -iv(e)v e . 

Proof, a) Since T 2 = id, 

e2j-i£2j(u 1 (g) ... <g> Uj <g> ... ® ujfc) = Mi <g> ... <g> g 1 g 2 (u j ) <g> ... <g> 14* 
and consequently 

rj(lii <g> ... <g> ® ... <g> Mfc) = Ml <g> ... <g> <8> ••• <8> u k . 

Hence 

a(«i ® ... ® ujfc) = (rj. • • -r fc )(«i <g> ... <g> = <g> ... <g> Pi(u k ). 

b) For j < k we have e2j-ie2je n = e^j-i^j so that rje n = e n r.,\ 

c) is obvious. 

d) By c), ri(iu e .) = e % ^ ej w e .. Hence 

a(v e ) = n(w ei ) ® ... ® rf(io efc ) = e i/3ME w e . 

Since : e G { — 1, l} fe } = 2 fc = dim£ 2 fc and the vectors v e are linearly 

independent, they form a basis of E 2 fc. 

e) We have T{w\) = —W\ and T(ty_i) = iu_i. It follows that 

This finishes the proof of Lemma 2. □ 

Let S(X, Dp as ) be the eigenspace of A for Dp as on M. From the definition 
and (jlj), (0) it is easy to see that A = 2iil in the case of a + and A = 2ir(l + |) 
in the case of a_, where Z G Z. In the case a+, <Bp as = {le n : Z G Z} and we 
have 

£>(ik^) = -^(e^^McK = u(e)27tlf len v e . (7) 

Hence £(2irl, Dp as ) = Spa.n[f u ^i en v e : e G {— 1, l} k } 9 . Similar formulas are 
also true for a_, where £>p as = {(/ + ~)e„ : / G Z}. 

Now we are able to describe the spectrum of D Pas . 
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Proposition 2. Let n, k, M, // e , v(e), and c(k) be as in Theorem^ Let 
b + = le n and b~ = (I + |)e n , where I G Z. 

a) If the spin structure is given by a + , then 

£(2ttI, D Pas ) = Span[f u ( e)b +v e : y + c(k)n = v{e)l mod (n)]. 

b) Jf t/ie spin structure is given by a_, i/ien 

1 n — 1 

£(27r(7 + -),D Pas ) = Span[/„( e ) 6 -?; £ : y + c(A;)n H — = i/(e)/ mod (n)]. 

Remark 1. Since — 1 are even, the difference /x e — + l)/2 = 
S,=i e jJ ~ Sj=ii i s divisible by 2. Using this and the definition of c(k) it is 
easy to see that fi e /2 + c(k)n is an integer. 

Proof of Proposition [2J a) From the definitions of a + and c(k) it follows 
that a+ = (-l) 2c Wa. We have 

g(fie»(x)v e ) = fi en (g- 1 x)a + v e = e" 2 ^ f len (x)(-l) 2c{k) av t 

= e n * 2 v ; if len [ x )v t . 
By the above one gets the required conditions. 

b) In the case of a_ the eigenvectors of Dp as on T n can be written as fn + u en v 
for I G Z, v G £ 2 A;. We have 

Hence f(b-)V e is g-equivariant if and only if I G nZ + c(k)n + + 
The rest of the argument is the same as in a). This finishes the proof of 
Proposition |21 □ 

Lemma 3. Let M G Tchd be an n- dimensional with k = odd 
and with a fixed spin structure. Let m be a natural number such that m 
r mod (n). Assume that fbV e G £(X, Dp as ). Then 

a) f- b v„ e G £(X,D Pas ), 

b) dim£(2ir(m),D Pas ) = A+ and dim £(2rc(m + \),D Pas ) = A~ . 
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Proof, a) If the spin structure on M is a + , then b = le n for some / G Z, 
and, from the equivariance of fbV € , it follows that 

I = ^ + c(A;)n mod (n). 

Hence 

— / = + c(k)n mod (n) 

and f-bV-e is g-equi variant. By the assumption that k is odd, v(— e) = —v{e). 
According to Lemma , f-bV- e G £(X, D Pas ). 

If the spin structure is a_, then we use the congruence 
I = + c(k)n + mod (n). 
Since /i_ e = — /i e , c(k)n = —c(k) mod (n), and —A; — 1 = /c mod (n) we have 

— / — 1 = + c(k)n + mod (n) 
and consequently f-bV~ e is g-equivariant. 

b) If the spin structure is a + , then using Proposition El and a), we get 

dim£(2n(m),D Pas ) = dim£(27r(r), D Pas ) 

= 2#{e G £>+ : ^ + c(k)n = r mod (n)} = A+. 
In the case of a_ we get 

dim£(27r(m + -),D Pas ) = dim£(27r(r + ^),D Pas ) 
= 2#{e 6P + :^ + c(k)n + k = r mod (n)} = A~ . 

□ 

Proof of Theorem^ We shall modify of a proof of Lemma 5.5 from [T2"] . 

a) Let m G Z, and let iS r = {27r(m) : m = r mod («-)}• It is clear that S r 
are disjoint and iSp as C ^~^S r . Since D 5 has symmetric spectrum, 
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for Ke(z) sufficiently large. By Lemma|2]b), dim£(A, D Pas ) = for A G <S r . 
If Aq ^ 0, then the eigenvalue A G S occur together with —A with the same 

multiplicity Aq so that 2~^Aes -{o} A ° |a|" = ^ anc ^' ^ or R- e ( 2; ) sufficiently 
big, 

sgn (2?r(mn + r)) _ ^ >^ sgn (27m (m + £)) 



r=l m=— oo 
n-1 



|27r(mn + r)| 2 ^— ' ' |27m(m + -) 

1 v ' 1 r=l m=— oo ! V n/ 



At rr 1 v — 

^ I 2vm | z \ ^ (m + ^ (m + 1 - 

r=l 1 1 \m=0 v ™ y m=0 v 

The last two series are known as generalized zeta functions (cf. |14j). They 
have meromorphic extensions on C without poles in z = 0. Let ((z, a) denote 
the function defined by Ylm=o (ml-Y ^ or ^ e ( z ) sufficiently big. One gets for 
the extension: C(0, a) = \ — -. Hence 

n-l 



r=l ^ ' 



b) We use similar arguments as those given in the proof of a). Now the 

component So is not symmetric so that we do not remove r = from the 
formula describing tjm{z). The equality 

1\ / 2r + l 

27T mn + r H — = 2ixn m + 



2 J V 2n 

and the above considerations implies that 



r=0 ^ ' 



This finishes the proof of Theorem ^ □ 
We have. 

Corollary 1 Let n be a prime number greater than 3 such that n + 1 is di- 
visible by 4 and let M n G Tqhd be a flat manifold with a fixed spin structure. 
Then r\M n G Z. 
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Proof: Let Z = It is known (cf. [13, chapter 9] that 2 s copies of M n is 

manifold W n+1 for some s£N. By Theorem 4.2] 



)of: Let I = a±l. It is 
a boundary of a spin 



/ 

Jw 



AO) ^— e Z, 



where A[ is the Z-th A-polynomial on Pontriagin classes. By P j w „+i Ai(p) 
can be written as -jp^- , where C^n+i G Z and where gi, . . . , q r G {2, 3, n— 
1} are prime numbers. From Theorem [T] r)M n = ^f 1 , for some C M n ^ Z. 
Since - 2 s - l j] M n G Z we have glzV^CAg G z> Hence ^ G z. □ 

Corollary 2 Let n be an odd number. If M n G Tchd-, then d = T] M n^ a + — 
VM n ,a- G 2Z. 

Proof: By Theorem 1.1], d G |Z. From the definition (cf. page 2) all 
Af belongs to 2Z. Hence d — — for some C G Z. Summing up y e Z and 
d G 2Z. □ 

Example 1. We calculate r] M 7^ a+} whereM 7 G Tchd- Since M*±i2 = 6 is 
even our equation is 

r = — mod (7). 
2 v ; 

The values of 4f and r for e G Z>+ are given in the following table. 



e 


2 


r 


(1,1 


1) 




3 


3 


(1,- 


1,- 


■1) 


-2 


5 


("1, 


h~ 


-1) 


-1 


6 


("1, 


-1, 


1) 









It follows that A'j = 2, for j = 0, 3, 5, 6 and A^ = for other values of j. By 
Theorem d 



^m(O) = 2 



6 



10 



12 



-2. 
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4 Harmonic spinors on Tced~ manifolds 

A harmonic spinor on a closed spin manifold M is an element of the kernel 
of the Dirac operator on M. 

Proof of Proposition 1. a) We have 

fc(fc+l) , , fc(fc+l) 2™,, 

= (— 1) 2 at) e = (— 1) 2 e2n^ £ ti e . 
First consider the case when k(k + l)/2 is even. Then gv e = v e if and only if 

He = mod (2n) 

and fc = 4/c + 3 or fc = Ak . Let <5 4 denote the sequence 1,-1,-1,1. If 
k = Ak + 3 and 

e = (-1, -1, 1, &t, £4 ), 

feo times 

then e belongs to { — 1, l} fc and /x e = 0. If fc = 4/c and 

feo times 

then e belongs to { — 1, l} fc and /j, e = 0. In particular, f)(M) > 0. 

Now assume that k > 2 and + l)/2 is odd. Then gv e = v e if and only 

if 

fj> e = n m °d (2n) 
and = 4/c + 1 or k = Ak + 2. If k — Ak + 1 consider 

e = (1, -1, 1, &t, -»,<?4, 1, 1) 

feo— 1 times 

and if /c = 4/c + 2 consider 

e = (-1, 1 - 1, 1, &t, 1, 1). 

feo - 1 times 

In both cases e G { — 1, l} fc and /i e = n. It is easily seen that the equation 
He = mod (2n) have no solutions for k = 1 or 2. 

b) Since g n = —id, the equation gv = v have only one solution t> = 0. □ 

It is easy to see that the equality a + v e = v e implies a + V- e = V- e . Using 
this and the arguments given in the proof of Proposition 1 we have. 

14 



Corollary 3 If M e T C hd and dim M = 2k+1, then 

f)(M, a+) = 2#{e eV + : ^ + c(k)n = mod (2k + 1)}. 
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